Abstract. We use geometry to give a short proof of an equivariant Pieri rule in the classical flag manifold.
Introduction
The central problem in Schubert calculus is to find a Littlewood-Richardson rule for flag manifolds of general Lie type. For equivariant Schubert calculus, this is known in only two special cases, both in Lie type A: the Grassmannian, proved by Knutson and Tao [6] , and two-step flag manifolds, proved by Buch [2] . For the manifold Fℓ(n) of complete flags in C n , a special case of problem is an equivariant Pieri rule that Robinson proved using algebra [9] . We give a short and direct proof of this Pieri rule, using geometric arguments.
Let T ⊂ SL(n) be the diagonal torus. The T -equivariant cohomology ring H
Statement of Results
Let E • be the standard flag in C n where E i is spanned by the first i standard basis vectors, and let E ′ • be the standard opposite flag. The Schubert variety X w = X w E • of Fℓ(n), where w ∈ S n , is defined with respect to the flag E • , (1)
This has codimension ℓ(w), and equals the Schubert variety of dimension ℓ(w 0 w) with index w 0 w as defined in [3, p. 157] . Here ℓ(w) is the length of the permutation w, and w 0 is the longest permutation in S n , so that w 0 (i) = n+1−i. Each coefficient c
for the geometric meaning of the t i .) Fix a positive integer m < n. The m-Bruhat order on S n is defined by w ≤ m u when we have u = wτ a 1 b 1 · · · τ asbs and ℓ(wτ
is a transposition with a j ≤ m < b j , for j = 1, . . . , s where s := ℓ(u) − ℓ(w). We write w rm − → u if in addition, the integers b 1 , . . . , b s are distinct. Example 1.1. When n = 9, if w = 631594287 in one-line notation, then u = 839154267 = wτ 34 τ 28 τ 35 satisfies w ≤ 3 u, and we also have w The Pieri rule involves the Schubert variety X r(m,p) , which is defined by a single condition,
This is the pullback of the codimension p special Schubert variety in the Grassmannian G(m, n) under the natural forgetful map. As the equivariant cohomology ring of any type A flag manifold is a subring of that for Fℓ(n), it suffices to establish the Pieri rule for Fℓ(n).
Theorem 1.2. For a permutation w ∈ S n , we have the following formula in H *
The coefficient c 
with the summation over increasing subsequences
We remark that c w,r(3,3) = 1 by the classical Pieri rule. When p = 4, q = 1 and n−m−p+1 = 3, so that {a 1 < a 2 } = {1 < 2} and {b 1 < b 2 } = {6 < 8}. There are 2 = q + r − 1 choices for c 1 , and so we have c u w,r(3,4) = (t 6 −t 1 ) + (t 8 − t 2 ). When p = 5, q = 2 and n−m−p+1 = 2, so that {a 1 < a 2 } = {1 < 2} and {b 1 < b 2 < b 3 } = {3 < 6 < 8}. There are three choices for c 1 < c 2 among {1 < 2 < 3} (namely 1 < 2, 1 < 3, and 2 < 3), and they give c u w,r(3,5) = (t 3 −t 1 )(t 6 −t 1 ) + (t 3 −t 1 )(t 8 − t 2 ) + (t 6 −t 2 )(t 8 − t 2 ) . Finally, when p = 6, q = 3 and n−m−p+1 = 1, so that a 1 = 1 and {b 1 < b 2 < b 3 } = {3 < 6 < 8}. Then c u w,r(3,6) = (t 3 −t 1 )(t 6 −t 1 )(t 8 − t 1 ). ⋄
Proof of the equivariant Pieri rule
We prove Theorem 1.2 using the method of [7] and exploiting the explicit description of certain Richardson varieties and their projections in [10] .
Let Fℓ(1, m; n) denote the manifold of partial flags F 1 ⊂ F m ⊂ C n , and G(m, n) denote the Grassmannian of m-dimensional vector subspaces in C n . Notice that P n−1 = G(1, n). Let ψ, π, ϕ denote the natural projection (forgetful) maps among these spaces. We recall Lemma 15 of [10] , which identifies both Y u w and Z u w when w rm − → u (and shows that the maps ϕ and ψ to them are birational). This differs from the statement in [10] in that our standard basis is different from the basis used there.
Lemma 15 from [10] . 
Here, ν is the indexing set defined in the statement of Theorem 1.2. As in [7] , Z From the proof of Lemma 15 in [10] , there are partitions µ ⊂ λ for G(m, n), and a permutation ω ∈ S n such that c Example 2.1. We illustrate Lemma 15. An invertible matrix F gives a flag F • , where F i is the row space of the first i rows of F . The two matrices below represent general elements of X w and X u , for w and u from Example 1.1. Here, · is zero and * is an arbitrary complex number.

The Richardson variety X u w has a parametrization by triples (α, β, γ) of nonzero complex numbers. We show this in two equivalent ways. The matrix on the left lies in X w and that on the right in X u . For every i = 1, . . . , 9 the first i rows of both matrices have the same span. 
